Math 6020, Graduate Algebra, Fall 2024, Homework 6

Instructor: Danny Krashen

Discussing the problems with other people is encouraged,
but you must write up your own work independently!

. Let R be a unital associative ring and M a left R-module. For a subset X C M show that there exists
a submodule (X) of M such that X C (X) and such that for any other submodule N < M containing
X, we have (X) < N.

. For a unital associative ring R, we say that a left R-module M is unital if 1m = m for every m € M.
Show that for every (not necessarily unital) left R-module M, there exists a submodule M’ < M which
is unital and which contains every other unital submodule of M.

. Let V be a vector space (of any dimension) over C and let R = Endc(V) be the ring of linear transfor-
mations of V. Show that V is a simple left R-module via the standard action of R on V.

. Let K be an associative ring and M, N left K-modules. If R = Endg (M) and S = Endg(N), show
that Homg (N, M) is an R — S bimodule via

(ro)(n) =r(d(n), (¢s)(n) =¢(sn), forre R,s€ S, € Homg(N,M).

. Let R and S be associative unital rings, let M be an R — S bimodule and let N be a S — R bimodule.
Suppose that both M and N are unital — that is, that 1m = m = ml and 1n = n = nl for m € M and
n € N. Show that, via standard matrix multiplication, the set of matrices

IR

form an associative unital ring.

T’GR,mEM,nGN,SGS}

. For an associative ring K and M, N left K-modules, show that we have an isomorphism of rings:

Endg(N) Homy (M, N)

End(N&M) =g (N M) Endg (M)



