
Math 6030, Graduate Algebra, Spring 2025, Homework 5

Instructor: Danny Krashen

Discussing the problems with other people is encouraged,
but you must write up your own work independently!

1. Let E/F be a Galois extension with group G. Recall that an (E,G)-semilinear vector space is an
E-vector space V together with an action of G such that

i. σ(x+ y) = σ(x) + σ(y) for x, y ∈ V , σ ∈ G, and

ii. σ(λx) = σ(λ)σ(x) for x ∈ V , λ ∈ E, σ ∈ G.

If V1, V2 are (E,G)-semilinear vector spaces, a homomorphism of semilinear vector spaces is a homomor-
phism ϕ : V1 → V2 of E-vector spaces1 such that ϕ(σ(v)) = σ(ϕ(v)).

Recall also that the algebra (E,G, 1) is the associative F -algebra, which can be written as an Abelian
group as (E,G, 1) =

⊕
σ∈G Euσ, and with the multiplication (xuσ)(yuτ ) = xσ(y)uστ .

Show that the category of (E,G)-semilinear vector spaces is isomorphic to the category of (E,G, 1)-
modules.

2. (a.k.a Dedekind’s Lemma) Let E/F be a Galois extension of fields with group G. As E is an (E,G)-
semilinear vector space, we have a canonical homomorphism of F -algebras (E,G, 1) → EndF (E). Show
that this map is an isomorphism.

hint: show that the map is injective by considering an element α =
∑

aσuσ in the kernel with a minimal
number of nonzero aσ’s, and is aτ ̸= 0, consider τ(b)α− αb for b ∈ E.

3. Let E/F be a Galois extension with group G. The Morita theorems show that the functor W 7→ E⊗F W
from F -vector spaces to EndF (E)-modules is an equivalence of categories. Using Problem 2 to identify
EndF (E) with (E,G, 1) and the isomorphism of categories of Problem 1, we obtain an equivalence of
categories

E ⊗F : [F − vector spaces] → [(E,G)− semilinear vector spaces]

W 7→ E ⊗F W

Let Fix be the functor in the other direction taking a semilinear vector space V to the F -vector space
Fix(V ) = V G = {v ∈ V | σ(v) = v for all σ ∈ G}.
(a) Consider the composition of functors Fix ◦ (E⊗F ) from F -vector spaces to itself. Show that this

is naturally isomorphic to the identity functor. hint: consider the natural map W → Fix(E⊗F W ).

(b) Consider the composition of functors (E ⊗F ) ◦Fix from (E,G)-semilinear vector spaces to itself.
Show that this is naturally isomorphic to the identity functor. hint: consider the natural map

(E ⊗F V G) → V and use the fact that E ⊗F is essentially surjective.

1there was a typo here before!!
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4. Let E/F be a G-Galois extension. Recall that an (E,G)-semilinear algebra is an E-semilinear vector
space A with an E-algebra structure satisfying σ(ab) = σ(a)σ(b) for a, b ∈ A, σ ∈ G.

(a) If A is an (E,G)-semilinear algebra, show that AG is an F -algebra, and if B is an F -algebra, show
that E ⊗F B is an (E,G)-semilinear algebra.

(b) If B is an F -algebra, show that the canonical map B → Fix(E ⊗F B) is an algebra isomorphism.

(c) If A is an (E,G)-semilinear algebra, show that the canonical map E⊗F AG → A is an isomorphism
of (E,G)-semilinear algebras.

(d) Show that the functor B 7→ E⊗F B from F -algebras to (E,G)-semilinear algebras is an equivalence
of categories.

5. Let σ : C → C denote complex conjugation.

Consider the matrix algebra M2(C) with action of ⟨σ | σ2⟩ = C2 given by

σ

([
a b
c d

])
=

[
σ(d) −σ(c)
−σ(b) σ(a)

]
.

Show that this defines a (C, C2)-semilinear algebra structure on M2(C).

hint: for optimal enjoyment, consider the matrix

[
0 1
−1 0

]
.
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