MATH 3120, Linear Algebra, Spring 2026, Exam 2
Review Sheet

1. Let A be an n X n matrix, and suppose x1, ..., Z,, is a basis for the space of solutions to Az = 0. For a
vector v € R™ how would you find a vector v’ which is a solution to Az = 0, and as close as possible to
v?
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2. Let A be a lincakebicmetommmeeeon whose columns are the vectors wyq,...,w, and whose rows are the
vectors vy,...,0,. Let W be the span of the vectors wi,...,w, and let U be the span of the vectors
V1, ..., Um. Let T is the linear transformation corresponding to A.

’_ﬁ'-/— W) - <\N'[,,/WD
A = Wl\f,'\w.‘ - /\[-
A \A p= <\l,--’/\,“>

(a) Show that the image of T is W \\ \\r KI

57 JPSH"‘&\«M 'K’\m“\m‘m)(,.x\-T S He vesrs | W = H.L%b\ *S " >

& xe Qo TEYer Aa Yo ac®, Lore AW b+ AaNa el
LW istlesd | veders Sate Gaom aguy-vansn B

AN \S -

o c\‘se&\s wﬁf—T = 3""&Q ‘& x"”‘ A~ - “\\\n:kx‘; 2 AW -t AqWn

v CG“’ .
S * e is exasly Ak saidW
WeS .
dow «

(b) Show that the kernel of T" is U~, the set of vectors perpendicular to each vector in U.
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3. Suppose you are given vectors vy, ..., v, € R™ and a vector a € R".

Describe how you would find a matrix A and a vector b such that the solutions to Az = b exactly consists
of those vectors v € R™ such that the vector v 4+ a is perpendicular to each v;.

4. Consider the matrix

21 0 3
1 01 2
0 4 2 1
10 0 0

Decide whether or not this matrix is invertible (hint: use the determinant!)

5. Let A be an m X n matrix, and suppose = € R™ is a vector,

(a) (stupid trick question) While it mi e case that z is a solution to Ax = 0, can we always

find b such th 1S Ax = b?
nd a 0 such that x 1s on to Ax \g_ A;&:‘? i’l l\’\m$7p§!'"\—‘?
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(b) If so, how can we find the swector b so that Az = b has a solution?
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6. Consider the vectors v; = (3,1,0,0),v2 = (1,2,1,1),v3 = (2,2,0,1). Let V C R* be the span of these
vectors. Check to see whether of not (1,0,0,0) is in V.

hint: use the determinant and the various computational shortcuts we have seen!
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7. Suppose T is a linear transformation from R? to R™ given by a matrix A, and S is a linear transformation
from R™ to R? given by a matrix B. Let a € R". How might you solve for a vector of the form Az + a
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8. Suppose T'is a linear transformation from R? to K givenl by a matrix A, and S is a linear transformation 3 Ar \.Be‘
from RY to R™ given by a matrix B. Let b € R™ be a vector. How might you solve for a vector of the®”

form Az which is as close as possible to a solution to the equation By + b? s sml\ %
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9. Consider the vectors (1,2,0) and (1,1,1) in R? and let V C R? denote their span.
(a) find an orthonormal basis for V

(b) find a 3 x 3 matrix representing the projection onto V.

10. Suppose W and V' are vector spaces, and T : V — W is a linear transformation. Suppose that T is
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(a) Show that if W has an inner product ( , ) then we may define an inner product on V by defining, IV FSD,
for v1,ve €V, (vl,v2>v: <T(U1),T(Uz)>w
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(b) Show that if T is not injective, this will not give an inner product. -
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