
MATH 3120, Linear Algebra, Spring 2026, Exam 2

Review Sheet

1. Let A be an n→ n matrix, and suppose x1, . . . , xm is a basis for the space of solutions to Ax = 0. For a

vector v ↑ Rn
how would you find a vector v→ which is a solution to Ax = 0, and as close as possible to

v?

2. Let A be a linear transformation whose columns are the vectors w1, . . . , wn and whose rows are the

vectors v1, . . . , vm. Let W be the span of the vectors w1, . . . , wn and let U be the span of the vectors

v1, . . . , vm. Let T is the linear transformation corresponding to A.

(a) Show that the image of T is W

(b) Show that the kernel of T is U↑
, the set of vectors perpendicular to each vector in U .
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3. Suppose you are given vectors v1, . . . , vm ↑ Rn
and a vector a ↑ Rn

.

Describe how you would find a matrix A and a vector b such that the solutions to Ax = b exactly consists

of those vectors v ↑ Rn
such that the vector v + a is perpendicular to each vi.

4. Consider the matrix 



2 1 0 3

1 0 1 2

0 4 2 1

1 0 0 0





Decide whether or not this matrix is invertible (hint: use the determinant!)

5. Let A be an m→ n matrix, and suppose x ↑ Rn
is a vector.

(a) (stupid trick question) While it might not be the case that x is a solution to Ax = 0, can we always

find a b such that x is a solution to Ax = b?

(b) If so, how can we find the smallest vector b so that Ax = b has a solution?

6. Consider the vectors v1 = (3, 1, 0, 0), v2 = (1, 2, 1, 1), v3 = (2, 2, 0, 1). Let V ↓ R4
be the span of these

vectors. Check to see whether of not (1, 0, 0, 0) is in V .

hint: use the determinant and the various computational shortcuts we have seen!
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7. Suppose T is a linear transformation from Rp
to Rn

given by a matrix A, and S is a linear transformation

from Rn
to Rq

given by a matrix B. Let a ↑ Rn
. How might you solve for a vector of the form Ax+ a

which is as close as possible to a solution to the equation By = 0?

8. Suppose T is a linear transformation from Rp
to Rn

given by a matrix A, and S is a linear transformation

from Rq
to Rn

given by a matrix B. Let b ↑ Rn
be a vector. How might you solve for a vector of the

form Ax which is as close as possible to a solution to the equation By + b?

9. Consider the vectors (1, 2, 0) and (1, 1, 1) in R3
and let V ↔ R3

denote their span.

(a) find an orthonormal basis for V

(b) find a 3→ 3 matrix representing the projection onto V .

10. Suppose W and V are vector spaces, and T : V ↗ W is a linear transformation. Suppose that T is

injective.

(a) Show that if W has an inner product ↘ , ≃ then we may define an inner product on V by defining,

for v1, v2 ↑ V , ↘v1, v2≃ = ↘T (v1), T (v2)≃.

(b) Show that if T is not injective, this will not give an inner product.

3/3

Firstsolve for x in BAx Ba thentaketheresulting
andpluginto Axta franson

c
BIABIFBayf.FIycFa5tisait

craterato
thensoluwillbean x suchthe
Baxdoneto

asposs

def is an inn prod if
1 v w Gw v7

2 vitvz.ws V w2 V2 w

3 Xv w Xu w 4 4in Life
LuwY w v2

RI v w TCU TwDw TCN TCDN GWP
a is aninurpond

25

Tv v20

atis.tn



a To showthat wehave an inner product on
V we needtocheck

all 4axioms hold

Checky axiom 1 is vwhy w v7

Def Lv v7 Tlv T w w

since w is an
invependent

T v Tcw w
w TCDw

so Lvw7v TCU T w w Tcw TCO no

5T
v

Checkingaxiom 2 is suituary Sui whom

wehave v v2w T v v2 Twin

smeTis aliner
transformation T v.AT v2 T n 7w

since Insatifes Tlv TIWI TlvdTaDw

axiom 2 up V2 V

Checkyaxiom3 is v w Gun

well Xvw T Xv Tlw w

XT v Tlw w

Tlv Tin w

X Syn



AI Is vv7 30

welllet's see

Luis TW Thw 70 sine g 4

whatif Gv2O
wanttoknowthis
means v 0

well if vv70 O them Tlv TCDw 0

But 4 w
satisfiesthis so

Tlv TN
0 Tlv O

But T is 1 1 and
as we

notedinlecture

thismeans ker T
O so T O

thereforemeans
0 0


